In this article, we indicate that in any two-period model of financial markets with a finite state space, we may define a variety of coherent risk measures on the payoff space of the market. These risk measures depend on the Equivalent or on the Generalized Equivalent Martingale Measures of the market. We also present some examples which illustrate the multiplicity of the coherent risk measures, which depends on the extreme points of the set of the Generalized Martingale Measures of a market, if this market is arbitrage free. We actually present in a systematic way the previous connection jointly with the examples, while the origins of these ideas come from the work of Artzner et al. (1999) . We also present an aspect of this connection related to the finite -dimensional Expected Shortfall, relying on the dual representation of it and we provide arithmetic examples, too.
Introduction
In Czóka et al. (2007) , the two-period model of financial markets with a finite number of states 1, 2, ..., S is considerd. Under this frame for any set of financial contracts 1, 2, ..., J which may by issued and any pair of no-arbitrage price q ∈ R J and time-period 1 payoff subspace V ∈ R S , a set of pricing kernels may be defined as follows: If we denote by V j ∈ R S , j = 1, 2, ..., J the timeperiod 1 payoff vectors of the J contracts and V also denotes the S × J matrix whose columns are the linearly independent vectors V j ∈ R S , j = 1, 2, ..., J, a pricing kernel is any vector π ∈ R S ++ such that q = π · V . As it is wellknown, for the number of the contracts J the condition J ≤ S holds, where equality corresponds to the complete market. In this case the pricing kernel is unique, while in the case of incomplete markets the set of pricing kernels is not a singleton for a specific market. In Czóka et al. (2007) , the CAPM model is actually considered as an Example of exchange economy with financial markets in which coherent risk measures can be defined with respect to any equilibrium price q for the contracts. Specifically, if q is such a price, then for the pricing kernel π i which is associated with any investor-consumer i = 1, 2, ..., I, which arises from the marginal rates of substitution between consumption at timeperiod 0 and any of the states 1, 2, ..., S calculated at the consumption vector c i ∈ R S+1 + of her at the equilibrium, the risk measure ρ u i ,ω i is defined on the payoff subspace V , where u i : R S+1 + → R represents the utility function and
represents the initial endowment of the investor-consumer i. This risk measure is defined as follows:
We have to notice that such risk measures are defined only in the case where 1 ∈ V and CAPM economy is such a case of an exchange economy with financial markets. Also, in Czóka et al. (2007) the spectral risk measures defined on R S are disussed. If we follow the notation of Magill and Quinzii (1996) , for any no -arbitrage price vector q ∈ R J , the dimension equation which holds in the case is
where W denotes the subspace of R S+1 generated by the columns of the payoff matrix W (q, V ) of the contracts along the event-tree of the market, while W ⊥ denotes the orthogonal subspace of it. Due to the characterization of the absence of arbitrage in the primitive security market, there is at least one π ∈ R
S+1
++ such that π · W (q, V ) = 0 where 0 ∈ R J . This implies that W ⊥ = {0} in this case, while q = π 1 · V , if by V we also denote the S × J matrix whose columns are the vectors
The last relation arises from π · W (q, V ) = 0 if we suppose that π = (π 0 ,π 1 ). Then π 0 q =π 1 · X and if we denote 1 π 0π 1 = π 1 , we obtain the last relation. As it is well-known, the payoff-matrix W (q, V ) is equal to −q V , while evey equivalent martingale measure for the market V is of the form μ π = (1 + r)π 1 , where π ∈ R S+1 ++ with π = (1, π 1 ) and π 1 ∈ R S ++ is a pricing kernel of this market and 1 + r is the accumulation factor for the contract (1 + r)1 ∈ V , which corresponds to one of the indices j = 1, 2, ..., J. We suppose that the price of such a contract at time-period 0 is equal to 1. We have to remind -even it is going to be mentioned below-that in Cond.4.3 of Artzner et al. (1999) , the authors assert that whether a market -related coherent risk measure is defined through a set of probability vectors P ⊆ Δ S−1 via
where V denotes the payoff subspace and E μ (.) denotes the mean value operator under the measure μ, (2006), but we mostly focus on the relation between pricing kernels which arise from an incomplete market and the set of coherent risk measures that may be defined through them, which is mentioned in Czóka et al. (2007) via equilibrium pricing kernels. N denotes the set of natural numbers, R the set of the real numbers and E the mean value operator.
Proposition 2.1 If the market V is complete and q is a no-arbitrage price vector for the contracts of the market, then
defines a coherent risk measure on the entire space V = R S .
If a market is incomplete, which means that V is a subspace of R S , the set of pricing kernels does not include a unique element π, since the dimension of W ⊥ is not equal to 1. Hence the set which includes the Equivalent Martingale
Measures μ π is not a singleton. For a non-empty set Π of Equivalent Martingale Measures the following Proposition should also be immediate.
Proposition 2.2 If the market V is incomplete and q is a no-arbitrage price vector for the contracts of the market, then
defines a coherent risk measure on the payoff-subspace V .
In the above Propositions, the Translation Invariance Property is understood in the following manner (if ρ is a risk measure defined either on V = R S or on a subspace V of it):
The idea of definition of coherent risk measures related to the set of Equivalent Martingale Measures of a market was introduced by Cond.4.3 in Artzner et al. (1999) . Hence, if the market V is incomplete we may define the following coherent risk measures, where M V is the the set of Equivalent Martingale Measures, arising from a certain market V :
the whole set of Equivalent Martingale Measures.
(ii) The risk measure
The following Lemma should be also immediate.
We remind that since a pricing kernel π is a vector of R S ++ , then M V is a subset of the subset Σ of the simplex Proof: Since M V is closed, we consider a sequence of Generalized Equiv-
μ · Z, Z ∈ V holds. Convexity arises from the fact that if μ 1 , μ 2 are Generalized Equivalent Martingale Measures, then
We multiply by λ ∈ (0, 1) the equivalent equation for i = 1 and by 1−λ ∈ (0, 1) the equation for i = 2. Then, we add these equations and we obtain
According to the Krein -Milman Theorem, every closed, convex and bounded subset of R S is the convex hull of its extreme points. Hence, if the market V is incomplete we may define the following coherent risk measures:
the whole compact set of Generalized Equivalent Martingale Measures.
(ii) The risk measures ρ μ k (Z) = E μ k (−Z), Z ∈ V which is related to any of the extreme points
We have to note that the index set K may be finite or infinite.
Let us see an Example on these questions. , we may show that in this market there is no arbitrage. We remark that q = π 1 · V , where q 0 = (1, E μ (V j ) for any contract j = 0, 1, 2. Given that the interest rate 1 + r between the timeperiods 0 and 1 is equal to 1.1, these relations for any contract are written as follows: ). A coherent risk measure associated to the market V is the one defined by
or the one defined by
Also, the risk measure defined by
where ). This is an arbitrage price, since for the portfolio z = (0, 7, −1) has a positive time -period 1 payoff being equal to (13, 27, 22, 31, 0) and the value of it q · z is equal to 0. A coherent risk measure for the market V under this price vector q is defined by
is the line segment of Equivalent Martingale Measures defined by
μ 1 , μ 2 . Since L(μ 1 , μ 2 ) is a compact set, we get ρ L(μ 1 ,μ 2 ) (Z) = max μ∈L(μ 1 ,μ 2 ) E μ (−Z), Z ∈ V.
Example 2.7 In the market V of the previous Example, a set of the Generalized Equivalent Martingale Measures is described by the equations
μ 1 + μ 2 + μ 3 + μ 4 + μ 5 = 1, j = 0,E μ A (V j ), j = 0, 1, 2 is q = (1,ρ μ A (Z) = E μ A (−Z), Z ∈ V.
Other coherent risk measures would be defined by a subset Π
A ⊆ M V , which is not a singleton by ρ μ (Z) = E μ∈Π A (−Z), Z ∈ V.
Finite -dimensional markets and Expected Shortfall
Under the above framework concerning the two-period model of financial markets, we may define as finite dimensional Expected Shortfall related to the market V , the following risk measure:
where M a is the following set of probability vectors lying in Σ (and more specifically in the set of the Equivalent Martingale Measures M V ):
μ 1 is the so-called probability measure of the nature. The fractions
, s = 1, 2, ..., S is the analog of the Radon-Nikodym derivative and they are actually the outcomes of the random variable 
Theorem 3.1 If q ∈ R J is a no-arbitrage price vector for the contracts of a market V ⊆ R
S where of them is the riskless asset and the accumulation factor of it is (1 + r), then
for any level of significance a ∈ (0, 1) such that M a = ∅ .
Proof:
For any pricing kernel π 1 of the market V we have
., J and for the corresponding Equivalent Martingale Measure
, s = 1, 2, ..., S holds for the nature's probability measure μ 1 and for the significance level a, we have the following vector inequality μ π ≤ 1 a
with π = (1, π 1 ) . We remind that every Equivalent Martingale Measure comes from a pricing kernel and inversely, that if we take an Equivalent Martingale Measure μ we may define a pricing kernel by π(μ) = μ 1+r
. Since for any μ ∈ M a , μ ∈ M V we compare the pricing kernel π(μ) and π(μ 1 ) according to the usual partial ordering of R S and we take that
. We take the inner product of these two positive vectors with the positive vectors V j , j = 1, 2, ..., J and
, j = 1, 2, ..., J. Finally, we take that . From all the inequalities arises that a ≤ 1, which holds for all the levels of significance that a ∈ (0, 1).
In the above Example, the levels of significance are not restricted. We notice that the nature's probability is also an Equivalent Martingale Measure for the market, see 2.6. We prove that when this is true, then the levels of significance for the definition of finite dimensional Expected Shortfall related to the market V are not restricted. In general, M a = ∅ for any a ∈ (0, 1) because we may replace μ 1 by some Equivalent Martingale Measure. In this case we take the following 
Proof: The inequalities (
.., J hold. If μ 1 , which is the nature's probability measure is an Equivalent Martingale Measure of the market V , then (1 + r)q j = E μ 1 (V j ), j = 1, 2, ..., J. This implies the inequalities (1 + r)a ≤ (1 + r) and finally a ≤ 1, which holds for any a ∈ (0, 1).
Let us alter Example 3.2 in order to see whether there are restrictions which arise in the levels of significance if we move to a probability measure which is not an Equivalent Martingale Measure of the market V . . We notice that in the above Example there are not any restrictions in the levels of significance for finite dimensional Expected Shortfall related to the market V . Hence the question which arises is wheter such restrictions arise. The following Proposition answers to this question.
Proposition 3.5 If q ∈ R
J is a no-arbitrage price vector for the contracts of a market V ⊆ R S , where one of them is the riskless asset and the accumulation factor of it is (1 + r), then if for some contract j = 1, 2, ..., J there is some a ∈ (0, 1) such that
where the nature's probability measure is denoted by μ 1 , then the finite dimensional Expected Shortfall related to the market V is not defined for this level of significance a ∈ (0, 1).
Proof:
From the negation of Theorem 3.1.
Conclusion
In this brief article we discussed the connection between the geometry of the set of the (Generalized) Equivalent Martingale Measures for an incomplete market in the two-period model with a finite space of states and the set of the coherent risk measures that may be defined on the payoff space of this market. Also, we present how this approach is related to the finite-dimensional Expected Shortfall and we present related examples as well.
